WHEN ARE ALL BOUNDED OPERATORS BETWEEN
CLASSICAL BANACH LATTICES REGULAR?
A.W. WICKSTEAD

Abstract. We give a short survey of when all bounded operators between
two Banach lattices are the difference of two positive operators, in the case
that both Banach lattices are some of the classical Banach lattices.

We refer the reader to [8] for the basic theory and terminology about Banach
lattices. Regular operators are those that can be written as the difference of two
positive operators. We write L(X, Y ) for the space of bounded operators from X
into Y and Lr (X, Y ) for the corresponding space of regular operators. In 1936
Kantorovich, [5], proved that every regular operator must be bounded and made a
start on asking when the converse is true. I.e. when is every bounded linear operator
from X into Y regular? There is no simple answer to this question. In order to
illustrate our current state of knowledge, I will tell you what happens when X and
Y are selected from the classical Banach lattices `1 , L1 ([0, 1]), `p (1 < p < ∞),
Lp ([0, 1]) (1 < p < ∞), c0 , c, `∞ or C([0, 1]). In the course of doing this we will
meet (at least versions of) many of the known results in this field. The bare facts
are presented in the following table. Each cell in this array contains not only an
indication of whether there is equality or not but also a number that is a reference
to the justification of that statement in this note.
PP
Lq ([0, 1]) or `q
Y
PP
`∞
c0
c
C([0, 1])
PP
X
P
P (1 ≤ q < ∞)
`1
= (2)
= (1) = (3)
= (3)
= (3)
L1 ([0, 1])
= (2)
= (1) 6= (13) = (5)
= (5)
`p
6= (6)
= (1) = (4)
= (4)
= (4)
(1 < p < ∞)
Lp ([0, 1])
6= (6)
= (1) 6= (13) 6= (14) 6= (15)
(1 < p < ∞)
c0
6= (6)
= (1) = (4)
= (4)
= (4)
c
6= (6)
= (1) 6= (8) = (10) = (10)
`∞
6= (6)
= (1) 6= (8) 6= (10) 6= (10)
C([0, 1])
6= (6)
= (1) 6= (8) 6= (10) 6= (10)
All that remains is to justify all of these claims. We will start with the cases
where there is equality. The earliest positive result is due to Kantorovich in 1936,
[5], where he proved:
Theorem 1. If Y is a Dedekind complete Banach lattice with a strong order unit
then L(X, Y ) = Lr (X, Y ) for all Banach lattices X.
Amongst our examples only `∞ has both of these properties. There are other
Banach lattices Y for which the conclusion is true, see [2], but no other Dedekind
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complete Banach lattices, [4]. Another case that almost belongs to the pre-history
of this subject is the following:
Theorem 2. If X is an AL-space and Y has a Levi norm then L(X, Y ) = Lr (X, Y ).
Kantorovich and Vulikh proved this with a slightly stronger assumption on Y
in [6]. Synnatzschke formulated the current version in [11]. Again, it is shown in [4]
that amongst Dedekind complete Banach lattices Y this is the best possible result.
The spaces `p and Lp ([0, 1]) have a Levi norm for any p ∈ [1, ∞]. The folk-lore of
this topic also contains the result:
Theorem 3. If X is an atomic AL-space then, for all Banach lattices Y , L(X, Y ) =
Lr (X, Y ).
Apart from changing the norm on X to an equivalent one, this is the best possible
result, see van Rooij [10]. In a similar vein, in [12], Xiong proved:
Theorem 4. If X is atomic with an order continuous norm and Y is an AM-space
then L(X, Y ) = Lr (X, Y ).
The class of AM-spaces can only be widened by allowing an equivalent norm. I
suspect that the condition of being atomic with an order continuous norm cannot
be weakened, but that remains an open problem. Our final positive result, which
is rather elementary, is:
Theorem 5. If X is an AL-space and Y has a strong order unit then L(X, Y ) has
a strong order unit and therefore L(X, Y ) = Lr (X, Y ).
You may have noticed that, so far, all the results that guarantee that L(X, Y ) =
Lr (X, Y ) involve either X being (up to an equivalent norm) an AL-space and/or
Y being an AM-space. For some time it was thought that one of these conditions
was necessary. In [1], Abramovich gave an example to show that this was not true.
Nevertheless, there are results in that kind of vein. I won’t give a precise definition
of a Banach lattice E being finitely lattice representable in F , but simply point out
that it certainly holds if E is isometric to a sublattice of F .
Theorem 6. If `p is finitely lattice representable in Y for p ∈ [1, ∞) or `∞ is not
finitely lattice representable in Y and L(X, Y ) = Lr (X, Y ) then X is (up to an
equivalent norm) an AL-space.
The first version was proved by Abramovich and Janovsky in [3], and the second
by Ørno in [9]. A result of Krivine, [7], says that given any Banach lattice E, there
is p ∈ [1, ∞] such that `p is finitely lattice representable in E, so the two versions
of Theorem 6 are actually equivalent.
Similarly we have:
Theorem 7. If `p is finitely lattice representable in X for p ∈ (1, ∞] or `1 is not
finitely lattice representable in X and L(X, Y ) = Lr (X, Y ) then Y is (up to an
equivalent norm) an AM-space.
Again, the first version is due to Abramovich and Janovsky. In [12] Xiong
investigated the subject matter of this talk and paid special attention to the case
that X = C(K) and Y = C(Ω) or Y = c0 .

Theorem 8.
If K is an infinite compact Hausdorff space then L C(K), c0 6=

Lr C(K), c0 .
Definition 9. A compact Hausdorff space K is an X(n) space if it is the disjoint
union of n open and closed subsets each of which is the one-point compactification
of a discrete space. The interval [0, 1] is not an X(n) space for any n ∈ N, nor is
the Stone-Čech-compactification of N.
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Theorem 10 (Xiong). If K is a compact Hausdorff space then the following are
equivalent:
(1) For some p ∈ N, K is an X(p)-space.


(2) For every compact Hausdorff space Ω, L C(K), C(Ω) = Lr C(K), C(Ω) .
(3) L C(K), C([0,
1]) = Lr C(K), C([0, 1]) .

(4) L C(K), c = L C(K), c .
The implication (3) implies (4) follows from a special case of a general result of
Xiong, [12], Corollary 1.3, that we will need again later:


Proposition 11. If X is any Banach lattice and L X, C([0, 1]) = Lr X, C([0, 1])
then L(X, c) = Lr (X, c).
The time has come when we must start looking at some actual examples of
bounded operators that are not order bounded, to take care of the remaining cases.
Definition 12.
 The Rademacher functions on [0, 1] are defined by rn (t) =
sgn sin(2n πt) where sgn denotes the sign function.
The Rademacher functions lie in Lp ([0, 1]) for all p (including p = ∞). They
form an orthonormal sequence in the Hilbert space L2 ([0, 1]). Furthermore for
finite p the functionals that they define on Lp ([0, 1]) by integration converge weak∗
R1
to 0. I.e. for all f ∈ Lp ([0, 1]), φn (f ) = 0 rn (t)f (t) dt → 0 as n → ∞, as long
as p ∈ [1, ∞). You can also see either by direct calculation or from the uniform
boundedness principle that (φn ) is a bounded sequence in Lp ([0, 1])∗ .
Proposition 13. If p ∈ [1, ∞) there is a bounded linear operator T : Lp ([0, 1]) → c0
which is not regular.

Proof. Define an operator T : Lp ([0, 1]) → c0 by T x = φn (x) . T is certainly
bounded. Note that for n ≥ 1 T (rn ) = en , a basis vector in c0 , because of the
orthonormality of the Rademacher functions, and that T (r0 ) = 0 so that T (r0 +
rn ) = en . As 0 ≤ r0 + rn ≤ 2r0 , if we had U ≥ T, 0 then
U (2r0 ) ≥ U (r0 + rn ) ≥ T (r0 + rn ) = en
for all n ∈ N, which is inconsistent with U (2r0 ) lying in c0 . It follows that T is not
regular after all.

This kind of example won’t deal with the case of operators from Lp ([0, 1]) into
c, though. Indeed, we already know that if p = 1 then all bounded operators are
regular. An example in the case p > 1 is slightly more difficult.


Proposition 14. If 1 < p < ∞ then Lr Lp ([0, 1]), c 6= Lr Lp ([0, 1]), c .
Proof. A bounded linear operator T from any Banach space X into c may be
described by a bounded weak∗ convergent sequence of functionals (fn ) in X ∗ , with
limit f ∈ X ∗ via the formula T x = fn (x) .
Let p−1 + q −1 = 1, so that 1 < q < ∞. If n ∈ N, write n = 2j k where k is odd
and then define
(
2j/q j −1/q rk (2−j t) t ∈ [0, 2−j ]
fn (t) =
0
t ∈ (2−j , 1]
so that |fn | = 2j/q j −1/q χ[0,2−j ] and hence
kfn kq = (2j j −1 2−j )1/q = j −1/q .
The sequence (fn )is certainly bounded,
so we may define T : Lp ([0, 1]) → `∞ by

R1
the formula T x = 0 fn (t)x(t) dt . In fact, T x ∈ c0 ⊆ c for all x ∈ Lp ([0, 1]). To
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see this, pick any x with kxk ≤ 1 and  > 0. First choose j0 ∈ N such that j > j0
implies that j −1/q < , so that (if k is odd) |(T x)2j k | ≤ kf2j k kq = j −1/q < . For
each j ≤ j0 there is kj such that k > kj implies that |(T x)2j k | = |f2j k (x)| < . We
now see that |(T x)2j k | <  except for the finite number of integers 2j k with j ≤ j0
and k ≤ kj .
If T were regular, there would be U : Lp ([0, 1]) → c with U ≥ ±T . Write
gn (x) = (U x)n and g(x) = limn→∞ gn (x). As U ≥ ±T , gn ≥ |fn | for all n ∈ N. If
we fix j then we see that
|g2j k | ≥ |f2j k | = 2j/q j −1/q χ[0, 2−j ]
for all odd integers k. Letting k → ∞ through the odd integers, and using the
fact that the usual positive cone in Lq ([0, 1]) is weak∗ -closed, we see that g ≥
2j/q j −1/q χ[0, 2−j ]. This holds for all j ∈ N, so that
∞
∞
X
X
1
= ∞,
kgkqq ≥
2−j−1 (2j/q j −1/q )q =
2j
j=1
j=1
so that g ∈
/ Lq ([0, 1]), U does not exist and T is not regular.



Recalling Proposition 11 we also see that


Proposition 15. If 1 < p < ∞ then Lr Lp ([0, 1]), C([0, 1]) 6= Lr Lp ([0, 1]), C([0, 1]) .
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